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Eletrons in a two-dimensional semionduting heterostruture interat with nulear spins via the
hyperne interation. Using a a Kondo lattie formulation of the eletron-nulear spin interation,
we show that the nulear spin system within an interating two-dimensional eletron gas undergoes
a ferromagneti phase transition at nite temperatures. We nd that eletron-eletron interations
and non-Fermi liquid behavior substantially enhane the nulear spin Curie temperature into the
mK range with dereasing eletron density.
PACS numbers: 71.10.Ay,71.10.Ca,71.70.Gm
The use of the eletron spin as a qubit for quantum
omputing relies on the ability to oherently ontrol sin-
gle eletron spins in semiondutor quantum dots [1℄.
Over the last years muh progress has been made for dots
in GaAs semiondutors, where single spin lifetimes have
been measured to range far into the ms-range [2, 3, 4℄,
and where oherent manipulation of single- and two-spin
states was suessfully implemented [5, 6℄. Still, a major
obstale to further progress is the omparatively short
spin deoherene time in these materials, ranging from
100 ns in bulk [7℄ to µs in dots[5℄. The main soure of
deoherene for a single eletron spin onned to a GaAs
dot is oming from the ontat hyperne interation with
the surrounding nulear spins [8, 9, 10℄. Several ways to
overome this problem have been proposed suh as spin
eho tehniques [5, 9℄, projetion of the nulear spin state
[9℄ or polarization of the nulear spins [8, 9, 10, 11℄. How-
ever, in order to extend the spin deay time by one order
of magnitude, a polarization of above 99% is required
[9℄, whih is still far away from the 60% so far reahed
in quantum dots via optial pumping [12℄. One way to
overome this problem would be that nulear spins be-
ome fully polarized at low enough temperatures, with-
out any external magneti eld or optial pumping. This
is the ase if the nulear spins undergo a ferromagneti
phase transition at a nite Curie temperature Tc. Quite
remarkably, the possibility of suh a nulear-spin phase
transition to our in a metal was studied more than sixty
years ago by Fröhlih and Nabarro (FN) [13℄. Using a
Weiss mean eld argument they showed that the Curie
temperature Tc of nulear spins in a three dimensional
(3D) metal beomes
kBTc ∼ A
2
8EF
, (1)
where A denotes the hyperne oupling strength between
the nulear and eletron spin and EF the Fermi energy.
For a typial metal, Tc is of the order of miro-Kelvin
or less. However, for a two-dimensional eletron gas
(2DEG) in GaAs semiondutors, Eq. (1) would pre-
dit nulear ferromagnetism with Tc ∼ 1mK, whih is
surprisingly high
However, the diret use of Eq. (1), whih was derived
for a bulk metal, to a 2DEG in a semiondutor is very
problemati. The purpose of this letter, therefore, is to
reonsider this issue for a 2DEG and to estimate the nu-
lear spin Curie temperature. Our analysis below will be
based on the Kondo lattie model [14℄, where we integrate
out the eletron degrees of freedom to derive an eetive
spin Hamiltonian whose exhange is given in terms of the
stati eletroni spin suseptibility χs(q). Using a spin-
wave analysis, we will show that the eletron-eletron (e-
e) interations in the 2DEG and the indued non-Fermi
liquid behavior in χs(q) [15, 16, 17, 18℄ ultimately enables
a ferromagneti phase transition of the nulear spins.
For suiently strong interations and/or low eletroni
densities (with the dimensionless interation parameter
rs ∼ 5 − 10) the Curie temperature an be pushed into
the milli-Kelvin regime, and thus, the phase transition
should beome aessible experimentally.
Model Hamiltonian. In order to study an interating
2DEG oupled to nulear spins within the 2DEG, we
adopt a tight-binding representation in whih eah lat-
tie site ontains a single nulear spin and eletrons an
hop between neighboring sites. The Hamiltonian desrib-
ing suh a system reads
H = H0 +
1
2
N∑
j=1
Ajc
†
jα~σαβcjβ · ~Ij = H0 +Hn, (2)
where H0 denotes the ondution eletron Hamiltonian
and Hn the eletron-nulear spin hyperne interation.
H0 an be rather general and inludes e-e interations.
In Eq. (2), c†jα reates an eletron at the lattie site
~rj with spin α and ~σ represent the Pauli matries. We
have also introdued
~Ij the nulear spin loated at the
lattie site ~rj , and Aj the hyperne oupling onstants
between the eletron and nulear spins at site ~rj . The
eletron spin operator is dened by
~Sj =
1
2
c†jα~σαβcjβ .
N denotes the total number of sites on the 2D lattie.
In our formulation, the nulear spin density is ns = a
−2
where a is the lattie spaing. From here on, we assume
2Aj = A > 0 whih means we assume the hyperne in-
teration to be the same for all atoms that onstitute
the heterostrutures (typially Ga and As). We also ne-
glet diret dipolar interations between the nulear spins
whih is in general smaller than the indiret interation
as we will see. This amounts to assume that the dipo-
lar interation energy sale Edip is among the smallest
one and partiularly that kBT ≫ Edip, where T is the
temperature. This assumption is ruial sine it allows
us to fous on the nulear spins whih are within the 2D
eletron gas thikness (in growth diretion) and justies
our 2D desription [19℄.
The general Hamiltonian in Eq. (2) is the well-known
2D Kondo lattie Hamiltonian (KLH), though H0 on-
tains also e-e interations. The regime we are interested
in orresponds to the weak Kondo oupling regime in the
sense that A≪ EF , where EF is the Fermi energy. The
KLH has been introdued to desribe various physial
properties of heavy-fermion materials [14, 20℄, and more
reently also of ferromagneti semiondutors [21℄.
Before turning to the extended system let us briey
onsider the speial ase of a single eletron onned to
a quantum dot whih interats typially with 106 nulear
spins [9, 10℄. This ase an be desribed by the above
KLH by allowing in H0 for a onnement potential for
the dot, whih provides the largest energy sale. Indeed,
we an then projet Hn into the ground state of H0, and
the hyperne Hamiltonian then takes the known entral
spin form H =
∑
i A˜i
~Se · ~Ii [9, 10℄, where ~Se is the sin-
gle eletron spin, and A˜i = A|ψ(~ri)|2 the non-uniform
oupling onstant with ψ(~ri) the eletroni ground state
wave funtion at site ~ri. The reformulation of the entral
spin problem in terms of the KLH should be partiularly
useful for numerial evaluations.
To ontinue with the general ase, it is onvenient
to go to Fourier spae and rewrite Hn in Eq. (2) as
Hn =
A
N
∑
~q
~S~q ·~I~q , where ~I~q =
∑
j e
−i~q·~rj ~Ij is the Fourier
transform of
~Ij , and similarly for ~S~q. Sine A is a small
energy sale in our ase, we may perform a Shrieer-
Wol (SW) transformation in order to eliminate terms
linear in A, and thereby integrate out the eletroni de-
grees of freedom. Keeping the lowest order terms in A2
of the SW transformation, we are left with an eetive
Hamiltonian Heff = H0 − 12 [S, [S,H0]]. S is dened by
Hn + [S,H0] = 0, whih is solved as S = L
−1
0 Hn where
L0 is the Liouvillian. Let us dene U =
1
2
[S, [S,H0]]
whih an be rewritten as U = 1
2
[L−10 Hn, Hn]. Us-
ing an integral representation for L0, one obtains U =
− i
2
∫∞
0
dte−ηt[Hn(t), Hn], where η → 0+ ensures onver-
gene. We next take the equilibrium expetation value
over eletroni degrees of freedom, denoted by 〈. . .〉. The
only assumptions we make are 〈Sxi 〉 = 〈Syi 〉 = 0, and
translational invariane in the 2DEG. We then get
〈U〉 = A
2
8ns
∑
~q
Iα~q χαβ(q) I
β
−~q , (3)
where χαβ(q) = −i
∫∞
0
dt e−ηt〈[Sα~q , Sβ−~q]〉, and where
summation over the spin omponents α, β = x, y, z is
implied. If we also assume 〈Szi 〉 = 0, then χαβ(q) =
δαβχs(q), where χs(q) is the eletroni spin susepti-
bility in the stati limit. We stress that Eq. (3) is
rather general and requires only weak assumptions on
H0. In real spae we have 〈U〉 = − 12
∑
~r,~r′ J
αβ
~r−~r′I
α
~r I
β
~r′ ,
where Jαβ~r = −(A2/4ns)χαβ(~r) is the eetive exhange
oupling. The nulear spins
~I~r are therefore interat-
ing with eah other, this interation being mediated by
the ondution eletrons. This is nothing but the stan-
dard Ruderman-Kittel-Kasuya-Yosida (RKKY) intera-
tion, whih, as we shall see, an be substantially modied
by e-e interations ompared to the free eletron ase.
Let us rst analyze the ase of non-interating ele-
trons. In this ase, χs oinides with the usual density-
density response (Lindhard) funtion χ0 [22℄. We rst
perform a mean eld analysis. The Weiss mean eld the-
ory predits a Curie temperature
Tc = −I(I + 1)
3kB
A2
4ns
χ0(q = 0), (4)
where I is the nulear spin value. In 2D, χ0(q =
0) = −Ne = −m∗/π, where Ne = ne/EF is the ele-
troni density of states, and m∗ is the eetive ele-
tron mass in a 2DEG (we set ~ = 1). For a 3D bulk
metal with one ondution eletron per nuleus, the ra-
tio ne/ns ∼ 1 and we reover the result in Eq. (1) derived
more than sixty years ago by Fröhlih and Nabarro [13℄.
For a 2D metal, the Weiss mean eld theory predits
kBTc = I(I+1)A
2/12EF . For a 2D semiondutor, how-
ever, the ratio ne/ns is muh smaller than 1. With typial
values for GaAs heterostrutures, I = 3/2, A ∼ 90 µeV
and a ∼ 2Å[9℄, we estimate Tc ∼ 1 µK, whih is very
low. (For suh low Tc's, ignoring nulear dipole-dipole
interations from the start would not be valid.) How-
ever, this estimate is just based on the simplest mean
eld theory and, moreover, does not inlude the eet of
e-e interations.
We shall now go beyond above mean eld approxima-
tion. For this we assume that the ordering (if it takes
plae) leads to a ferromagneti phase where the olletive
low-energy exitations are given by spin waves. Then,
we dene the Curie temperature Tc as the temperature
at whih the magneti order is destroyed by those spin
waves. This proedure is equivalent to the Tyablikov de-
oupling sheme [24℄. The dispersion relation of the spin
wave (or magnon) reads
ωq = I(J0 − Jq) = I A
2
4
a2(χs(q)− χs(0)), (5)
where Jq is the Fourier transform of J~r. The magnetiza-
tion m per site at nite T is m(T ) = I− 1N
∑
~q nq, where
nq = (e
ωq/kBTc−1)−1 is the magnon oupation number.
The Curie temperature Tc follows then from the vanish-
ing of the magnetization, i.e. m(Tc) = 0, whih, in the
3ontinuum limit, beomes
1 =
a2
I
∫
d~q
(2π)2
1
eωq/kBTc − 1 . (6)
For non-interating eletrons in 2D, χs(q) − χs(0) = 0
for q < 2kF [22℄, where kF is the Fermi wave ve-
tor. The spin wave analysis therefore predits Tc = 0,
in agreement with a reent onjeture extending the
Mermin-Wagner theorem for RKKY interations in a
non-interating 2D system [25℄.
The study of thermodynami quantities in interating
eletron liquids espeially in 2D has attrated quite some
interest reently with the goal to nd deviations from
the standard Landau-Fermi liquid behavior, suh as non-
analyti dependenes on the wave vetor [15, 16, 17, 18℄.
In partiular, it was found [16℄ that the stati non-
uniform spin suseptibility χs(q) depends linearly on the
wave vetor q = |~q| for q → 0 in 2D (while it is q2 in 3D).
This non-analytiity arises from the long-range orrela-
tion between quasipartiles mediated by virtual partile-
hole pairs. Sine the integral in Eq. (6) is dominated by
the low q-behavior, one may replae ωq by its low-q limit
whih turns out to be linear in q (see below) [23℄. The
integral in Eq. (6) an then be performed easily, allow-
ing us to express Tc in terms of the derivative of the spin
suseptibility,
Tc =
A2I
2kB
√
3I
πns
∂χs(q)
∂q
∣∣∣∣
q→0
. (7)
For non-interating eletrons, δχs(q) = 0 at low q and
we reover Tc = 0, in aordane with the MWT.
Let us inlude now e-e interations. To alulate χs(q),
we start from the Bethe-Salpeter (BS) equation for the
two-body sattering amplitude [22℄. Solving the BS equa-
tion formally, we an derive an exat and losed expres-
sion for the spin suseptibility given by
χs(q¯) =
1
L2D
∑
p¯,p¯′
(
R(q¯)
1
1− Γ−ir(q¯)R(q¯)
)
p¯p¯′
, (8)
where L =
√
Na2 is the system length, (Γ−ir)p¯p¯′(q¯) the ex-
at irreduible eletron-hole sattering amplitude in the
spin hannel (see [22℄), Rp¯(q¯) = −2iG(p¯+ q¯/2)G(p¯− q¯/2)
is the eletron-hole bubble where G(p¯) is the exat prop-
agator and p¯ ≡ (p0, ~p) is the (D+1)-momentum with p0
the frequeny. We have used a matrix notation in Eq.
(8) where the indies run over p¯ (R is a diagonal ma-
trix). Unfortunately, Γ−ir annot be alulated exatly
and some drasti approximations are required. The ap-
proximation we use onsists in replaing the exat ir-
reduible eletron-hole sattering amplitude (Γ−ir)p¯,p¯′ by
an averaged value alulated with respet to all possible
values of p and p′ near the Fermi surfae, therefore we
assume (Γ−ir)p¯,p¯′ = Γ
−
ir(q¯) ∀ p, p′ [26℄.
Let us now put q0 = 0 (and suppress the q0-argument
from here on) and onsider a q-independent short-ranged
(sreened) interation potential, yielding Γ−ir(q¯) = −U .
This allows us to derive from Eq. (8) a simple formula
for ∂χs/∂q given by
∂χs
∂q
(q) =
∂Π(q)
∂q
1
(1 + UΠ(q))2
, (9)
where Π(q) =
∑
p¯Rp¯(q)/L
D
. In the q → 0 limit, one an
approximate the term Π(q) in the denominator of Eq. (9)
by χ0(0) = −Ne. The resulting fator 1/(1 − UNe)2 in
Eq. (9) an be interpreted as a type of random phase ap-
proximation (RPA) for the eletron-hole sattering am-
plitude [27℄. The orretions to the polarization bub-
ble Π(q) (dominated by the rst bubble orretion to
the self-energy) have been alulated in seond order in
perturbation theory (in U) at small q by Chubukov and
Maslov [16℄. The result of this perturbative approah
is δΠ(q) = Π(q) − Π(0) ≈ −4qχs(0)Γ2s/3πkF , where
Γs ∼ −Um∗/4π denotes the baksattering amplitude.
When UNe ≪ 1, we reover from Eq. (9) the known
result δχs(q) = δΠ(q) [16℄.
Now we are ready to obtain an estimate for the Curie
temperature Tc. Replaing χs(0) in δχs(q) by its non-
interating limit χ0(0), and assuming Γs = O(1) (this
is an upper bound beause Γs is a small parameter on-
trolling the perturbation theory), we obtain then from
Eq. (7) Tc ∼ 25 µK for typial 2DEG parameters. This
value of Tc beomes further enhaned by a numerial fa-
tor (e.g. of order 5 for rs ∼ 8 [22℄) if one uses an eetive
renormalized value for the spin suseptibility χS = χs(0)
instead of χ0(0). Though Tc is still rather small, it is now
nite, onrming our arguments related to the Mermin-
Wagner theorem that e-e interations inrease the Curie
temperature. When UNe is no longer negligible om-
pared to 1, Tc is even further enhaned by an additional
numerial fator 1/(1 − UNe)2 (see Eq. (9)). Close to
the ferromagneti Stoner instability of the eletron sys-
tem, reahed when UNe ∼ 1, the Curie temperature Tc
for the nulear system is dramatially enhaned as ould
have been antiipated.
In the preeeding paragraphs, we replaed Γ−ir(q) by a
q−independent onstant operator. One an use instead
another approximation alled the loal eld fator ap-
proximation (LFFA). The idea of the LFFA is to replae
the average eletrostati potential by a loal eld poten-
tial seen by an eletron with spin σ (see [22℄ for a re-
view). In this sheme (Γ−ir(q))pp′ ≈ −V (q)G−(q), where
G−(q) is a loal eld fator and V (q) = 2πe
2/κq the bare
unsreened Coulomb interation (κ is the dieletri on-
stant). Within this approximation sheme the stati spin
suseptibility χs beomes
χs(q) =
χ0(q)
1 + V (q)G−(q)χ0(q)
. (10)
Determining preisely G−(q) for all q is still an open
issue. However, the asymptoti regimes are quite well
established nowadays [22℄. A semi-phenomenologial in-
terpolation formula based on the original Hubbard loal
4eld fator [28℄ and modied in suh a way that the om-
pressibility sum rule is exatly satised reads [22, 29℄:
G−(q) ≈ g0 q
q + g0(1 − χP /χS)−1κ2 , (11)
where g0 is related to the probability of nding two ele-
trons (of opposite spins) at the same position in the ele-
tron liquid, (gµB)
−2χP is the Pauli suseptibility and
µB the Bohr magneton. For non-interating eletrons
χP /χS = 1. An approximate form for g0 giving good
agreement with quantum Monte Carlo (QMC) alula-
tions has been proposed reently by Gori-Giorgi et al.
[30℄: g0(rs) ≈ (1+Ars+Br2s+Cr3s)e−Drs/2. In a 2DEG,
rs = 1/
√
πnea
∗
B where a
∗
B = κ/m
∗e2 is the eetive Bohr
radius. The parameters A = 0.088, B = 0.258, C =
0.00037, D = 1.46 are tting parameters reproduing
QMC results for the 2DEG [30℄. From Eqs. (7) and (10),
one an easily determine Tc within the LLFA sheme to
be given by
Tc =
IA
2kB
√
3I
π
A
(α− 1)2g0V (a) , (12)
where α = (1− χP /χS)−1 and V (a) is the Coulomb po-
tential evaluated at the interatomi distane a. The en-
ergy sale (α− 1)2g0V (a) an be interpreted as a renor-
malized sreened potential due to olletive interation
eets that are inorporated in the LFFA. The ratio
A/(α − 1)2g0V (a) an be regarded as the small param-
eter of our theory. Quite remarkably, the LFFA pre-
dits an exponential enhanement of Tc with inreasing
interation parameter rs. For a value of rs ∼ 5, this
theory already predits a large Tc ∼ 25 mK, a tem-
perature whih is routinely ahieved nowadays. Obvi-
ously, for some value of rs, the dimensionless parameter
A/(α − 1)2g0V (a) exeeds unity. The trunation of the
Shrieer-Wol transformation at lowest order beomes
unjustied and feedbak eets between the eletron gas
and the nulear spins, not inorporated in our theory, be-
ome important. Nevertheless for relatively large values
of rs <∼ 6, the ondition A≪ (α− 1)2g0V (a) is satised.
Although the spin wave analysis may overestimate Tc,
the trend in all the approximation shemes we used is
that e-e interations inrease dramatially the Curie tem-
perature, possibly into the mK range for large rs (there-
fore three orders of magnitude larger than Edip whih
justies our starting Hamiltonian). We note that the
non-perturbative LFFA theory predits higher Tc's than
the perturbative alulation in the short-ranged inter-
ation. Finally, below Tc, the nulear spins within the
2DEG polarize and generate an eetive magneti eld
of order of a few Tesla. This will reate a small Zeeman
splitting [31℄ in the 2DEG whih should be detetable
with e.g. optial or transport methods.
In summary, we have analyzed the Curie tempera-
ture Tc of nulear spins in an interating 2DEG using
a mean eld and a spin wave analysis. We have shown
that eletron-eletron interations onsiderably enhane
the temperature for a ferromagneti phase transition in
the nulear system, with Tc in the milli-Kelvin range for
2DEGs with rs ∼ 5 − 10. We thank B. Coish, L. Glaz-
man, L. Kouwenhoven, and A. Yaoby for useful disus-
sions. This work is supported by the Swiss NSF, NCCR
Nanosiene, ONR, and JST ICORP.
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